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ŽThe notion of an arc field on a locally complete but not necessarily locally
.compact metric space is introduced as a generalization of a vector field on a
manifold. Generalizing the CauchyLipschitz Theorem, sufficient conditions on
arc fields are given under which the existence and uniqueness of solution curves
and flows are proven. A continuous analog of an iterated function system is given
as an example.  2000 Academic Press
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1. INTRODUCTION
The general idea of extending notions of calculus and differential
equations from manifolds to metric spaces is a natural one. It occurred to
us before we discovered that others already had realized much of this idea
   in a big way, notably J.-P. Aubin and H. Frankowska 1 , L. Najman 9 , A.
 I. Panasyuk 10, 11 , and many others found among the 472 references in
 J.-P. Aubin’s recent informative book 2 . Nevertheless we believe that
there are important components of our work here that provide an illumi-
nating contribution to previous and ongoing efforts. This is not the place
to make detailed comparisons of these efforts. However, in particular we
are quite optimistic that with only modest adjustments the results here can
 be beneficially ported into the framework of mutational analysis 2 . A
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basic idea that all approaches have in common is to replace the concept of
Ž .a vector field by a suitable family of curves herein called an ‘‘arc field’’
each of which supplies the direction of travel at the point from which it
issues. In Section 2, we formally introduce arc fields, solution curves, and
suitable conditions which will be used to obtain solution curves of arc
 fields. With the exception of 11 where some results in the non-locally
compact case are stated without proof, previous endeavors have predomi-
nantly assumed that the underlying metric space is locally compact. This is
due to the fact that the ArzelaAscoli Theorem is often used to get the
Ž .convergence of a sequence of approximating solutions e.g., Euler curves
to an exact solution. Besides finite-dimensional Riemannian manifolds,
interesting locally compact metric spaces abound, e.g., the space of
nonempty compact subsets of  n with the Hausdorff distance. However,
there is likely a large reservoir of applications and results in the non-
locally compact case, such as the CauchyLipschitz Theorem for ODEs on
Banach spaces. In Section 3, we prove an extension of this theorem to
complete metric spaces that are not necessarily locally compact. We study
the continuous dependence of solutions on initial conditions in Section 4
and supply sufficient conditions under which an arc field will generate a
continuous forward flow on a complete metric space for all time. In
Section 5, there are some examples, one of which shows that it is not
sufficient to merely assume that the arc field is Lipschitz in order to obtain
solution curves. Section 6 contains an application of a fixed-point theorem
in Section 4. In this application, the flow of a certain arc field yields a
continuous analog of an iterated function system, where the fixed point of
the flow is the convex hull of the fractal fixed point of the discrete version
of the system.
2. ARC FIELDSBASIC NOTIONS
Here we introduce those notions and conditions that will be used to
state and prove the existence and uniqueness theorem in the next section,
which generalizes the CauchyLipschitz Theorem for first-order ordinary
differential equations on Banach spaces to arbitrary locally complete
metric spaces. Let X be a metric space with metric d. The open ball of
Ž .  Ž . 4radius r about x X is denoted by B x, r  y : d x, y  r . We as-
sume that X is locally complete, in the sense that for each x, the closure
B x , r is complete relative to the metric induced by d for sufficientlyŽ .
small r 0. All maps are assumed to be continuous. An arc on X is a
 map c : 0, 1  X and the set of all such arcs is denoted by AX, the arc
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space of X. There is a metric d on AX defined byA
d c , c  sup d c t , c t . 2.1 4Ž . Ž . Ž . Ž .Ž .A 1 2 1 2
 t 0, 1
Ž .  DEFINITION 2.1. An arc field on X is a continuous map  : X 0, 1
Ž . X such that for all x X,  x, 0  x,
d  x , h ,  x , kŽ . Ž .Ž .
 x  sup  , 2.2Ž . Ž .
 h khk
Ž Ž . . Ž .i.e.,  x,  is Lipschitz , and the function  x is locally bounded so that
 x , r  sup  y  , 2.3 4Ž . Ž . Ž .
Ž .yB x , r
for r 0 sufficiently small.
Ž . Ž .One can interpret  x as a bound on the speed of  x,  . At times it
is convenient to regard an arc field as a family of curves, in which case we
Ž .Ž . Ž . Ž .  write  x h or  h in place of  x, h . Since 0, 1 is compact,x
 X AX given by x is continuous if and only if  : X 0, 1  Xx
Ž  .is continuous see 5, pp. 261, 270 .
 . ŽDEFINITION 2.2. A solution cure of  is a map  : 0, c  X for
Ž .  .some c 0, such that for each t 0, c
d  t h ,  hŽ . Ž .Ž . Ž t .
lim  0. 2.4Ž .
 hh0
We introduce some conditions on an arc field  which are used to
Žestablish the existence and uniqueness of solutions. We have used the
notation AL and BL, where L stands for ‘‘Lipschitz,’’ to distinguish these
  .conditions from Conditions A and B in 4 .
 Condition AL. There is a function  : X X 0, 1 , such that
Ž for each a X, there are constants r  0 and 	  0, 1 , such thata a
 Ž . Ž .   B a, r  B a, r  0, 	 is bounded above anda a a
d  h ,  h 	 d a , a 1 h a , a , h . 2.5Ž . Ž . Ž . Ž . Ž .Ž .Ž .a a 1 2 1 21 2
Ž .  for all a , a  B a, r and h 0, 	 .1 2 a a
      .Condition BL. There is a function 
 : X 0, 1  0, 1   0, ,
Ž such that for each a X there are constants r  0 and 	  0, 1 fora a
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 Ž .    which 
 B a, r  0, 	  0, 	 is bounded anda a a
d  s h ,  h 	 hg s, h 
 b , s, h , 2.6Ž . Ž . Ž . Ž . Ž .Ž .b  Ž s.b
Ž .       for all b B a, r and s, h 0, 	 , where g : 0, 	  0, 	  sat-a a a a
isfies
lim g s, h  0 and g 2i , 2i  . 2.7Ž . Ž . Ž .Ý
 Ž . Ž .s , h  0 , 0  i 4iZ :2 		a
Ž Ž Ž . Ž ..Remark 2.1. In many applications e.g., when d  s h ,  h isa  Ž s.a2 Ž . Ž ..bounded by a C function in s, t about 0, 0 one finds that Condition
Ž . Ž . Ž . BL holds with g s, h  s. However, 2.7 holds for g s, h  s for any
   Ž . Ž . 0. More generally, if f : 0, 	  is given by f s  g s, s and fa
is measurable and monotonically increasing, we have
 	 f sŽ .ai xf 2   f 2 dx  ds ,Ž . Ž .Ý H H sln 	 ln 2 0 i a 4i :2 		a
2.8Ž .
x Ž .where we have made the change of variables s 2 dss ln 2 dx .
We relate the notion of arc field and Conditions AL and BL to their
Ž  .analogs in the special situation where X is a Banach space V, 
equipped with a vector field given by a Lipschitz map F : V V, with
 Ž . Ž .   F x  F y 	  x y , where  . An arc field is defined by
Ž . Ž . x, t  x tF x . Note that
 y , h  y , k  y hF y  y kF yŽ . Ž . Ž . Ž .Ž .
  h k F yŽ .
  h k F y  F x  F xŽ . Ž . Ž .Ž .
   	 h k  y x  F x , 2.9Ž . Ž .Ž .
Ž .  Ž .4  Ž .so that  x, r  sup  y 	 r F x  . Conditions ALy BŽ x, r .
Ž . Ž . Ž .and BL are met with  a , a , h  , g s, h  s, and 
 b, s, h 1 2
 Ž . F b , since
 h  h  a  hF a  a  hF aŽ . Ž . Ž . Ž .Ž .a a 1 1 2 21 2
 	 a  a  h F a  F aŽ . Ž .1 2 1 2
 	 a  a 1 h 2.10Ž . Ž .1 2
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and
d  s h ,  hŽ . Ž .Ž .b  Ž s.b
 b s h F b   s  hF  sŽ . Ž . Ž . Ž .Ž .Ž .b b
 b s h F b  b sF b  hF b sF bŽ . Ž . Ž . Ž .Ž .Ž .
 h F b  F b sF b 	 h b b sF bŽ . Ž . Ž .Ž . Ž .
 hs F b . 2.11Ž . Ž .
Ž .  Ž . Ž .Note that 
 b, s, h   F b is locally bounded, since b B a, r im-
plies

 b , s, h   F b 	 F b  F a  F aŽ . Ž . Ž . Ž . Ž .
 	  b a  F a 	 r F a . 2.12Ž . Ž . Ž .
Ž Ž . Ž ..If  is a solution curve of the arc field  where  x, t  x tF x ,
then
d  t h ,  hŽ . Ž .Ž . Ž t .
0 lim
 hh0
 t h   t  hF  tŽ . Ž . Ž .Ž .
 lim , 2.13Ž .
 hh0
Ž . Ž Ž ..in which case   t  F  t .
PROPOSITION 2.1. Let X be a Banach space and let F : X X be a
Ž .continuous, locally bounded but not necessarily Lipschitz map. If  : X I
Ž . Ž . X is the arc field defined by  a, h  a hF a , then Condition AL
implies Condition BL.
Proof. Condition AL implies that F is locally Lipschitz. Indeed, for
Ž .  a , a  B a, r and h 0, 	 , we have1 2 a a
 a  a 1 h a , a , h 
  a , h  a , hŽ . Ž . Ž .Ž .1 2 1 2 1 2
 a  a  h F a  F aŽ . Ž .Ž .1 2 1 2
 
 h F a  F a  a  a , 2.14Ž . Ž . Ž .1 2 1 2
or
2
 F a  F a 	  a , a , h a  a . 2.15Ž . Ž . Ž . Ž .1 2 1 2 1 2ž /h
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Thus, letting h 	 and recalling that  is locally bounded, we see that Fa
Ž . Ž . Ž .is Lipschitz in B a, r . By a computation as in 2.11 and 2.15 , we havea
2
d  s h ,  h 	 hs  b , b sF b , 	 F b .Ž . Ž . Ž . Ž .Ž .Ž .b  Ž s. ab ž /	a
2.16Ž .
Ž . Ž Ž . .It remains to show that b, s  b, b sF b , 	 is bounded on a seta
Ž  .      Ž  Ž .B a, r  0, 	 for some r  0 and 	  0, 1 . For b B a, r 3 anda a a a a
s
 0,
d a, b sF b 	 d a, b  d b , b sF bŽ . Ž . Ž .Ž . Ž .
 d a, b  s F bŽ . Ž .
 r 3 s F b  F a  s F aŽ . Ž . Ž .a
2
	 r 3 s  a, b , 	 r 3 s F a . 2.17Ž . Ž . Ž .a a až /	a
Ž Ž ..Thus, d a, b sF b  r fora
12 1s	 	 min 	 ,  a , a , 	 , F a  1 r 3 .Ž . Ž .Ž .a a 1 2 a až /ž /	a
2.18Ž .
 Ž Ž . . Ž . Ž .  Set r  r 3. Since b, b sF b , s  B a, r  B a, r  0, 	 fora a a a a
Ž . Ž  . Ž  .    Ž .all b, s  B a, r  B a, r  0, 	 and  is bounded on B a, r a a a a
Ž .   Ž . Ž Ž . .B a, r  0, 	 , we have that b, s  b, b sF b , 	 is bounded ona a a
Ž  . Ž  .   B a, r  B a, r  0, 	 , as desired. Thus, we have shown that for arca a a
fields defined by vector fields on a Banach space, Condition AL implies
Condition BL.
3. THE CAUCHYLIPSCHITZ THEOREM
FOR ARC FIELDS
Ž . Ž .In view of the fact that the arc field  x, t  x tF x for a Lipschitz
map F : V V on a Banach space V satisfies Conditions AL and BL, the
following result includes the existence part of the standard Cauchy
Lipschitz Theorem for first-order ordinary differential equations on Ba-
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nach spaces as a special case. Uniqueness of solutions, including continu-
ous dependence on initial conditions, is established in Theorem 4.1.
 THEOREM 3.1. Let  : X 0, 1  X be an arc field satisfying Condi-
 .tions AL and BL. Then gien any point a X, there is a solution  : 0, c 
Ž .X with  0  a.
Proof. For a X, and a positive integer n, we define the nth Euler
Ž .  .curve  t : 0,  X for  starting at a byn
 n a t 0	 t	 2Ž . Ž .
n n n n  2 t 2 2 	 t	 2  2Ž . Ž .Ž .n
. . . . t Ž . . .n
n n n n  i  2 t i  2 i  2 	 t	 i 1 2Ž . Ž . Ž .Ž .n
. .. . .. .
3.1Ž .
Ž . Ž .Suppose that r 0 is chosen so that  a, r  . If  a, r  0, then
Ž . t  a defines a solution curve and there is nothing to prove. Thus,
Ž .assume  a, r  0, and let
c r a, r . 3.2Ž . Ž .
Ž . Ž .We claim that for 0	 t c, we have  t  B a, r . For t
 0, letn
Ž . Ž Ž . . Ž .g t  d  t , a   a, r t, and letn
  t  sup t 0, c :    B a, r for all  0, t . 3.3 4Ž . Ž . Ž ..0 n
 .By the continuity of  , t  0. For t 0, t , and h 0 sufficiently small,n 0 0
we have
g t h  g t  d  t h , a  d  t , a   a, r hŽ . Ž . Ž . Ž . Ž .Ž . Ž .n n
	 d  t h ,  t   a, r h	 0, 3.4Ž . Ž . Ž . Ž .Ž .n n
 .since for small h 0,  t, t h is part of an arc of  issuing from an
Ž . Ž Ž . Ž .. Ž .point in B a, r so that d  t h ,  t 	  a, r h. Thus, for all tn n
 .0, t , the upper forward derivative0
g t h  g tŽ . Ž .D g t  lim 3.5Ž . Ž .ž /hh0
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Ž  . Ž . Ž . Ž Ž . .is nonpositive. Consequently see 12 , g t 	 g 0  0 or d  t , a 	n
Ž . Ž Ž . . Ž . Ž Ž . . a, r t. By continuity, d  t , a 	  a, r t . If t  c, then d  t , an 0 0 0 n 0
Ž . Ž . Ž .  a, r c r. Thus, for small h 0,  t  h  B a, r . This violatesn 0
the definition of t unless t  c.0 0
Ž . Ž .There is a ball B a, r and constants K possibly negative , K 
 0A B
Ž and 	 0, 1 , such that for  and 
 in Conditions AL and BL, we have
Ž . Ž . Ž . p, q, h 	 K and 
 p, s, h 	 K for all p, q B a, r and s, hA B
  Ž .0, 	 . Moreover, we may choose r smaller if necessary so that  a, r  ,
and B a, r is a complete metric subspace of X. We will only considerŽ .
Euler curves  for which 2n  	 . It is convenient to refer to the pointn
Ž n .  4 i  2 for i 0, 1, 2, . . . as the ith node of  , and we use the notationn n
   i  2n . 3.6Ž . Ž .n , i n
Ž .If we think of the  t as the position of airplane n at time t, the pilotn
Ž .  n obtains new flight instructions, namely   0, 2 , from the arc fieldn, i
when he reaches the node  at time i  2n. Note that for i even,n, i
 is the node of  that plane n 1 reaches at time i2  2Ž n1.n1, i2 n1
 i  2n which is the same time that plane n reaches the node  . Thus,n, i
we expect that  and  will close for large n and i  2n  c. Then, i n1, i2
Ž .following considerations will be used in establishing the key estimate 3.14
which justifies our expectation. Figure 1 may help to clarify the various
inequalities in the argument. Until further notice, we assume that i is even
n Ž .and i  2  c. The solid lines denote parts of the paths  top and n n1
Ž .bottom , while the dotted lines join points whose distances apart enter
ŽŽ .Ž n .into the inequalities below. Note that p  i 1 2 is not a noden1
of  since i 1 is odd, but rather it is a ‘‘midpoint’’ of a segment ofn1
 which joins consecutive nodes. The dashed lines are arcs of the arcn1
field that issue from such midpoints, but are not part of  . They aren1
Ž . Ž .used when Condition BL is applied, e.g., in 3.10 . By definition 3.1 , for
i  2n  c, we have
   i  2n   i 1 2n 2n   2n . 3.7Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž .n , i n n n , i1
Thus by Condition AL,
d  ,   i 1 2n 2 nŽ . Ž .Ž .Ž .Ž .n , i n1
 d   2n ,   i 1 2n 2nŽ . Ž . Ž . Ž .Ž .Ž .Ž .n , i1 n1
	 d  ,  i 1 2nŽ .Ž .Ž .n , i1 n1
 1 2n  ,  i 1 2n , 2nŽ .Ž .Ž .Ž .n , i1 n1
	 d  ,  i 1 2n 1 2nK . 3.8Ž . Ž .Ž . Ž .Ž .n , i1 n1 A
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FIG. 1. Neighboring Euler curves.
Since i is even,
   2Ž n1.   2n  2n . 3.9Ž . Ž . Ž .Ž . Ž .n1, i2 n1, i21 n1, i21
Ž . Ž . Ž n .Letting f s  g s, s in Condition BL, we then have for i  2  c
d   i 1 2n 2n , Ž . Ž .Ž .Ž .Ž .n1 n1, i2
 d    2n 2n ,   2n  2nŽ . Ž . Ž .Ž . Ž .Ž .ž /n1, i21 n1, i21
	 2n f 2n 
  , 2n , 2nŽ . Ž .n1, i21
	 2n f 2n K . 3.10Ž . Ž .B
Ž n .Moreover by Condition AL, we have for i  2  c
d  ,  i 1 2nŽ .Ž .Ž .n , i1 n1
 d   2n ,   2nŽ . Ž . Ž .Ž .Ž .n , i2 n1, i21
	 d  ,  1 2nK . 3.11Ž .Ž .Ž .n , i2 n1, i21 A
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n Ž Ž . Ž . Ž ..Thus for i even and i  2  c, we have using 3.8 , 3.10 , and 3.11
d  , Ž .n , i n1, i2
	 d  ,   i 1 2n 2nŽ . Ž .Ž .Ž .Ž .n , i n1
 d   i 1 2n 2n , Ž . Ž .Ž .Ž .Ž .n1 n1, i2
	 d  ,  i 1 2n 1 2nK  2 n f 2n KŽ . Ž .Ž . Ž .Ž .n , i1 n1 A B
2n n n	 d  ,  1 2 K  2 f 2 K . 3.12Ž . Ž .Ž .Ž .n , i2 n1, i21 A B
Ž .As i 2 is also even, we may iterate to get for i
 2 j
d  , Ž .n , i n1, i2
2n n n	 d  ,  1 2 K  2 f 2 KŽ .Ž .Ž .n , i2 n1, i21 A B
2n n n	 d  ,  1 2 K  2 f 2 KŽ .Ž .Ž .ž /n , i4 n1, i22 A B
2n n n 1 2 K  2 f 2 KŽ .Ž .A B
4n d  ,  1 2 KŽ .Ž .n , i4 n1, i22 A
2 n n n 2 f 2 K 1 1 2 KŽ . Ž .Ž .B A
6n	 d  ,  1 2 KŽ .Ž .n , i6 n1, i23 A
2 4n n  n n 2 f 2 K 1 1 2 K  1 2 KŽ . Ž . Ž .Ž .B A A
...
2 jn	 d  ,  1 2 KŽ .Ž .n , i2 j n1, i2j A
2n  n n  n 2Ž j1. 2 f 2 1 1 2 K   1 2 K .Ž . Ž . Ž .Ž .A A
3.13Ž .
Setting j i2, we obtain
i21
2 mn n nd  ,  	 2 f 2 K 1 2 K . 3.14Ž . Ž .Ž .Ž . Ýn , i n1, i2 B A
m0
Since i  2n 	 c, for K  0, we haveA
d  ,  	 2n f 2n K i2	 f 2n K c2. 3.15Ž . Ž . Ž .Ž .n , i n1, i2 B B
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For K  0,A
i21
2 mn n nd  ,  	 2 f 2 K 1 2 KŽ . Ž .Ž . Ýn , i n1, i2 B A
m0
in1 2 K  1Ž .An n 2 f 2 KŽ . B 2n1 2 K  1Ž .A
c2 nn1 2 K  1Ž .An n	 2 f 2 KŽ . B 2n1 2 K  1Ž .A
exp cK  1Ž .An n	 2 f 2 KŽ . B 2n1 2 K  1Ž .A
exp cK  1Ž .An n 2 f 2 KŽ . B n n2 2 K  2 KŽ .A A
exp cK  1Ž .An	 f 2 K . 3.16Ž . Ž .B 2 KA
For 2 n	 K  0,A
in1 1 2 KŽ .An nd  ,  	 2 f 2 KŽ .Ž .n , i n1, i2 B 2n1 1 2 KŽ .A
1
n n	 2 f 2 KŽ . B 2n1 1 2 KŽ .A
1
n f 2 KŽ . B n  2 K  2 KŽ .A A
n  	 f 2 K  K . 3.17Ž . Ž .B A
Observe that all these bounds are uniform in i which is assumed even
here. Let
K c2 for K  0 B A
exp cK  1Ž .AK for K  0k k K , K , c Ž . B AA B 2 KA
n  K  K for 2 	 K  0.B A A
3.18Ž .
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 In the event that K  0, we assume that n
 log K in what follows soA 2 A
that 2 n	 K  0. Thus in each case,A
d  i  2n ,  i  2n  d  ,  	 f 2n k . 3.19Ž . Ž . Ž . Ž .Ž . Ž .n n1 n , i n1, i2
Ž .Our aim now is to prove that  t is a Cauchy sequence in n for anyn
 .t 0, c . For a positive integer, n, there is a unique een integer i
 0
 Ž n1..and  0, 2 such that
i
Ž n1. nt  2   i  2   c. 3.20Ž .
2
We have
d  t ,  tŽ . Ž .Ž .n n1
	 d  t ,   d  ,   d  ,  t . 3.21Ž . Ž . Ž .Ž . Ž . Ž .n n , i n , i n1, i2 n1, i2 n1
Ž .. Ž .Since  0, c  B a, r and  is a concatenation of arcs of  all of whichn
Ž .  .are Lipschitz with Lipschitz constant  a, r , it follows that  0, c is alson
Ž .Lipschitz with Lipschitz constant  a, r . Thus,
d  t , Ž .Ž .n n , i
 d  i  2n   ,  i  2n 	  a, r 2Ž n1. , 3.22Ž . Ž . Ž . Ž .Ž .n n
and similarly
d  ,  tŽ .Ž .n1, i2 n1
 d  i  2n ,  i  2n   	  a, r 2Ž n1. . 3.23Ž . Ž . Ž . Ž .Ž .n1 n1
Ž . Ž .Thus, using 3.19 and 3.21 , we have
d  t ,  t 	 4 a, r 2n  f 2n k . 3.24Ž . Ž . Ž . Ž . Ž .Ž .n n1
 . Ž .For t 0, c ,  t is a Cauchy sequence in n, since for any positiven
integer m,
d  t ,  tŽ . Ž .Ž .nm n
m
	 d  t ,  tŽ . Ž .Ž .Ý n j nj1
j1
m
Ž nj. Žnj.	 f 2 k 4 a, r 2Ž . Ž .Ž .Ý
j1

i n	 k f 2  4 a, r 2  0 as n . 3.25Ž . Ž . Ž .Ý
in1
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Ž . Ž .Since  t is in the complete subspace B a, r , we know that  tŽ .n n
 .converges, and we define  : 0, c  X by
 t  lim  t . 3.26Ž . Ž . Ž .n
n
Ž .Using 3.25 , the convergence is uniform in t, since
d  t ,  t  lim d  t ,  tŽ . Ž . Ž . Ž .Ž . Ž .n nm n
m

i n	 k f 2  4 a, r 2 . 3.27Ž . Ž . Ž .Ý
in1
 .Thus  : 0, c  X is continuous, and it remains to show that  is a
 .solution curve of , namely that for all t 0, c
d  t h ,   t hŽ . Ž . Ž .Ž .Ž .
lim  0. 3.28Ž .
 hh0
Ž . ŽLet 	 0, and let h 0 be such that t h c. Since  t h   tn
. Ž . Ž .h ,  t   t , and  is continuous, for n sufficiently large we haven
d  t h ,   t hŽ . Ž . Ž .Ž .Ž .
	 d  t h ,  t h  d  t h ,   t hŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ž .n n n
 d   t h ,   t hŽ . Ž . Ž . Ž .Ž .Ž .Ž .n
1	 d  t h ,   t h  	h. 3.29Ž . Ž . Ž . Ž .Ž .Ž .n n 2
 . n Ž  n .. nFor t 0, c , we may write t i  2    0, 2 . For h 2 
 , we have
 t h   i  2n  h 3.30Ž . Ž . Ž . Ž .Ž .n n
and
  t h   i  2n   h    i  2n  h .Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .n n n
3.31Ž .
Hence by Condition BL,
d  t h ,   t hŽ . Ž . Ž .Ž .Ž .n n
 d   i  2n  h ,    i  2n  hŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ž .Ž .n n
	 g  , h h
  i  2n ,  , hŽ . Ž .Ž .n
	 g  , h K h. 3.32Ž . Ž .B
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1Ž Ž . .Thus by choosing n sufficiently large so that g  , h K 	 	 and hB 2
Ž n .sufficiently small i.e., h 2   ,
1
d  t h ,   t h 	 	h. 3.33Ž . Ž . Ž . Ž .Ž .Ž .n n 2
Ž .Hence by 3.29 ,
d  t h ,   t h 	 	h 3.34Ž . Ž . Ž . Ž .Ž .Ž .
Ž .for h sufficiently small for any 	 0, in which case we have 3.28 .
4. ON THE GENERATION OF FLOWS
We will develop sufficient conditions for an arc field to generate a
continuous, unique flow. The next result concerns the continuous depen-
dence of solutions on initial conditions.
 .  .THEOREM 4.1. Let  : 0, c  X and  : 0, c  X be two solutiona b
Ž Ž . Ž . .cures with  0  a and  0  b of an arc field  which meetsa b
 Condition AL. Assume that the function  : X X 0, 1  in Condi-
Ž .tion AL is bounded aboe by a constant K possibly negatie on the setA
   t ,  t , h : t 0, c , h 0, 	 4.1 4Ž . Ž . Ž ..Ž .a b
for some 	 0. Then
K A t d  t ,  t 	 e d a, b for all t 0, c . 4.2Ž . Ž . Ž . Ž ..Ž .a b
Proof. Let
g t  eK A td  t ,  t . 4.3Ž . Ž . Ž . Ž .Ž .a b
For h
 0, we have
g t h  g tŽ . Ž .
 eK AŽ th.d  t h ,  t h  eK A td  t ,  tŽ . Ž . Ž . Ž .Ž . Ž .a b a b
	 eK AŽ th. d   t h ,   t h  o hŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ž .Ž .a b
 eK A td  t ,  tŽ . Ž .Ž .a b
	 eK A teK A hd  t ,  t 1 K hŽ . Ž . Ž .Ž .a b A
 eK A td  t ,  t  o hŽ . Ž . Ž .Ž .a b
 eK A h 1 K h  1 eK A td  t ,  t  o hŽ . Ž . Ž . Ž .Ž .Ž .A a b
 o h eK A td  t ,  t  o h  o h g t  1 . 4.4Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž .a b
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Ž .Hence, the upper forward derivative of g t is nonpositive; i.e.,
g t h  g tŽ . Ž .D g t  lim 	 0. 4.5Ž . Ž .ž /hh0
Ž . Ž .Consequently, g t 	 g 0 or
d  t ,  t 	 e K A td  0 ,  0  e K A td a, b . 4.6Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .a b a b
DEFINITION 4.1. An arc field on a metric space X is said to have
unique solutions for short time if for any point a X, there exists a solution
 . Ž .    . : 0, c  X with  0  a, and if  : 0, c  X is another solutiona a a a a
Ž . Ž   4. Ž . Ž .with  0  a, then for some t  0, min c , c we have  t   ta 0 a a a a
 for all t 0, t .0
PROPOSITION 4.2. Assume that an arc field on a metric space X has
unique solutions for short time. For any a X, there is a unique solution
 . Ž Ž . Ž .cure  : 0, c  X with c  0, such that  0  a and for anyˆ ˆ ˆa a a
 .  . Žother solution  : 0, c  X we hae c 	 c and    0, c i.e., ˆ ˆ ˆa a a a a a a a
.is a maximal solution curve .
Proof. Let c be the supremum of the set of all c such that a solutionaˆ
 . Ž .  . : 0, c  X, with  0  a, exists. Let  : 0, c  X be defined asˆ ˆa a
 .follows. For t c , let  : 0, c  X be a solution with t c c . Thenˆ ˆa a
Ž . Ž .  . t   t . Note that  is well defined by the following. If   : 0, cˆ ˆa a
 Ž . X is another solution with t c c , then let t  sup s :  s aˆ 0
Ž .4 Ž .  s . Since we have unique solutions for short time beginning at  t0
Ž .  4   t , it must be that t min c, c . Thus,  is well defined, and as itˆ0 0 a
 .agrees with a solution about any t 0, c ,  is a solution.ˆ ˆa a
COROLLARY 4.3. An arc field that meets Conditions AL and BL has
unique short time solutions, and hence has a unique maximal solution cure
issuing from any point.
Proof. By Theorem 3.1, for any point a X, there exists a solution
 . Ž . : 0, c  X with  0  a. There is a ball about a for which  ina a a
Condition AL is bounded above by a constant K . Since for t A 0
Ž   4. Ž .. Ž ..0, min c , c sufficiently small, both  0, t and  0, t are con-a a a 0 a 0
Ž Ž . Ž .. K A t Ž .tained in this ball, Theorem 4.1 yields d  t ,  t 	 e d a, a  0 fora a
 .t 0, t .0
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We wish to formulate conditions which guarantee that t   for alla
a X. Certainly, we need to assume that X is complete. Moreover, we
introduce
DEFINITION 4.2. An arc field  on a metric space X is said to have
Ž .linear speed growth if there is a point x X positive constants c x and1
Ž .c x such that for all r 02
 x , r 	 c x r c x , 4.7Ž . Ž . Ž . Ž .1 2
Ž .where  x, r is defined in Definition 2.1.
Ž . Ž Ž . .Note that if y is any other point in X, B y, r  B x, d x, y  r . Thus,
 y , r 	  x , d x , y  r 	 c x d x , y  r  c xŽ . Ž . Ž . Ž . Ž .Ž . Ž .1 2
 c x r c x d x , y  c x . 4.8Ž . Ž . Ž . Ž . Ž .Ž .1 1 2
Ž .Hence, if the relation 4.7 holds for a point x, then for any y X we also
have
 y , r 	 c y r c y , 4.9Ž . Ž . Ž . Ž .1 2
Ž . Ž . Ž . Ž . Ž . Ž .where c y  c x and c y  c x d x, y  c x .1 1 2 1 2
THEOREM 4.4. Let  be an arc field on a complete metric space X, which
has linear speed growth. Suppose that at each point a X,  has a solution
 . Ž . : 0, c  X with  0  a. Then c can be chosen to be . Moreoer, ifa a a a
Ž . has unique solutions for short time e. g., if AL and BL are met , then
 .issuing from each point a X there is a unique maximal solution  : 0,a
 X.
Proof. Let
f t  d  t ,  0  d  t , a . 4.10Ž . Ž . Ž . Ž . Ž .Ž . Ž .a a a
For h
 0, we have
f t h  f t  d  t h ,  0  d  t ,  0Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .a a a a
	 d  t h ,  tŽ . Ž .Ž .a a
	 d  t ,   t h  d   t h ,  t hŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .a a a a
	 d   t 0 ,   t h  o hŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ž .a a
	   t h o hŽ . Ž .Ž .a
	 c a d a,  t  c a h o hŽ . Ž . Ž . Ž .Ž .Ž .1 a 2
	 c a f t  c a h o h . 4.11Ž . Ž . Ž . Ž . Ž .Ž .1 2
GENERATING FLOWS ON METRIC SPACES 661
Thus,
f t h  f tŽ . Ž .D f t  lim 	 c a f t  c a . 4.12Ž . Ž . Ž . Ž . Ž .1 2hh0
Ž . Ž .We temporarily denote c a and c a by c and c . As motivation, the1 2 1 2
Ž . Ž . Ž . Ž . Ž .Ž c1 tsolution of x t  c x t  c satisfying x 0  0 is x t  c c e 1 2 2 1
. c 1 tŽŽ . Ž . .1 so that e c c x t  1  1 is constant. Since we expect that1 2
Ž . Ž .f  t 	 x t , we let
c1c t1g t  e f t  1 , 4.13Ž . Ž . Ž .ž /c2
 Ž .and we are motivated to prove D g t 	 0,
g t h  g tŽ . Ž .D g t  limŽ .
hh0
c c1 1c t 1	 e c f t  D f t  cŽ . Ž .1 1ž /c c2 2
c1 c t 1	 e D f t  c f t  c 	 0. 4.14Ž . Ž . Ž .Ž .1 2c2
cc t 11Ž . Ž Ž . . Ž . Ž .Thus g t is decreasing, and so e f t  1  g t 	 g 0  1; i.e.,
c2
c2 c t1d  t , a  f t 	 e  1 . 4.15Ž . Ž . Ž . Ž .Ž .a c1
Ž Ž ..More generally, for h
 0 and t h c , where we use 4.9a
c  tŽ .Ž .2 a c Ž Ž t ..h1 ad  t h ,  t  d  h ,  t 	 e  1Ž . Ž . Ž . Ž . Ž .Ž . Ž .a a  Ž t . aa c  tŽ .Ž .1 a
c a d a,  t  c aŽ . Ž . Ž .Ž .1 a 2 c Ža.h1	 e  1Ž .
c aŽ .1
c aŽ .2 c Ža.h1 d a,  t  e  1Ž . Ž .Ž .až /c aŽ .1
c a c aŽ . Ž .2 2c Ža. t c Ža.h1 1	 e  1  e  1Ž . Ž .ž /c a c aŽ . Ž .1 1
c aŽ .2 c Ža. t c Ža.h1 1	 e e  1Ž .
c aŽ .1
c aŽ .2 c Ža. t1	 e c a he for h	 1Ž .1c aŽ .1
	 c a ec1Ža. t1h for h	 1. 4.16Ž . Ž .2
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Ž . c1Ža.ca1Thus, the speed of  is bounded above by c a e . If c  , anda 2 a
t c , then for t 
 t ,n a n m
c1Ža.ca1  d  t ,  t 	 c a e t  t , 4.17Ž . Ž . Ž . Ž .Ž .a n a m 2 n m
 Ž .4 Ž .in which case  t is a Cauchy sequence. Thus,  t converges toa n a n
some point from which  can be continued. Hence any solution can bea
continued indefinitely, and uniquely so by Proposition 4.2.
DEFINITION 4.3. For an arc field  with linear speed growth satisfying
Conditions AL and BL, the forward flow generated by  is the function
 . Ž . Ž .F : X 0,  X given by F a, t   t where  is the solution to a a
Ž .with  0  a.a
Remark 4.1. Note that F is well defined by Theorem 4.4. Moreover, by
uniqueness of solutions with given initial conditions, we have the semi-
group property; i.e., for all t, s
 0.
F a, t s  F F a, t , s . 4.18Ž . Ž . Ž .Ž .
For the continuity of F, we first prove
 .LEMMA 4.5. Suppose that  : 0, c  X is a solution cure of an arc field
 . Ž .. whose speed is bounded by  0, on  0, c . Then the speed of  is
also bounded by .
Proof. For 0	 t 	 t  t	 c, let0 0
f t  d  t  t ,  t   t . 4.19Ž . Ž . Ž . Ž .Ž .0 0
 Ž . Ž . Ž Ž . Ž ..We show that D f t 	 0, since then f t 	 0 and d  t  t ,  t 	0 0
 t,
f t h  f t  d  t  t h ,  t  d  t  t ,  t  hŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .0 0 0 0
	 d  t  t h ,  t  t   x , r hŽ . Ž . Ž .Ž .0 0
	 d  t  t h ,  hŽ . Ž .Ž .0  Ž t t .0
 d  h ,  t  t  hŽ . Ž .Ž . Ž t t . 00
 o h  d  h ,  0  hŽ . Ž . Ž .Ž . Ž t t .  Ž t t .0 0
	 o h  h h o h . 4.20Ž . Ž . Ž .
THEOREM 4.6. Let  be an arc field on a complete metric space X, which
has linear speed growth and satisfies Conditions AL and BL. Then the forward
 .flow F : X 0,  X generated by  is continuous.
GENERATING FLOWS ON METRIC SPACES 663
Ž .  .Proof. We prove the continuity of F at arbitrary a , t  X 0, .0 0
  Ž .For each t 0, t  1 , there exists a positive supremum r possibly 0 t
for the set of r 0, such that  in Condition AL is bounded above by
Ž Ž . . Ž Ž . .  some constant, say K  , on B  t , r  B  t , r  0, 1 . We showt a a0 0
that
  inf r : t 0, t  1  0. 4.21 4 Ž .t 0
   If not, there is a sequence t  0, t  1 such that t  t  0, t  1n 0 n  0
and r  0. We know that r  0 and  in Condition AL is boundedt tn 
Ž Ž . . Ž Ž . .  above by some K   on B  t , r  B  t , r  0, 1 . For tt a  t a  t 0  0 
Ž . Ž Ž . .sufficiently close to t ,  t  B  t , r 2 . Then  in Condition AL a a  t0 0 
is bounded above by K ont
 B  t , r 2  B  t , r 2  0, 1Ž . Ž .Ž . Ž .a t a t0  0 
  B  t , r  B  t , r  0, 1 . 4.22Ž . Ž . Ž .Ž . Ž .a  t a  t0  0 
Thus r  r 2 for n sufficiently large, a contradiction. Note also that thet tn 
constants K can be chosen to be uniformly bounded, say by K , fort
 t 0, t  1 , since the above argument shows that K can be chosen to0 t
 be locally bounded on the compact interval 0, t  1 . Thus,  in Condi-0
tion AL is bounded above by K on
 T  ,   B  t ,   B  t ,   0, 1 . 4.23Ž . Ž . Ž .Ž . Ž . Ž .a a a0 0 0
 t 0, t 10
Ž . K Ž t01 .Suppose that a B a , 	 for 0 	  e , and let0
   t  inf t 0, t  1 : d  t ,  t   for all t 0, t . 4.24Ž . Ž . Ž .Ž .½ 5a 0 a a0
Ž Ž . Ž ..  .By continuity of t d  t ,  t , we have t  0. For t 0, t , wea a a a0
Ž Ž . Ž .. Ž Ž . Ž . . Ž .have d  t ,  t   , and so  t ,  t , t  T  ,  . Thus by The-a a a a a0 0 0
orem 4.1,
d  t ,  t 	 e K ta d a, a   eK Ž t01ta. . 4.25Ž . Ž . Ž . Ž .Ž .a a a a 00
Ž Ž . Ž ..Hence by continuity of t d  t ,  t , if t  t  1, there is  0,a a a 00
Ž Ž . Ž ..  such that d  t ,  t   for t t , t   . Thus t  t  1, anda a a a a 00
    t ,  t , h  T  ,  for all t 0, t  1 and h 0, 1 .Ž . Ž . Ž .Ž .a a a 00 0
4.26Ž .
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Ž . Ž .Since  0, t  1 is compact, there is a ball B a , R containinga 0 00
Ž . Ž . 0, t  1 , and so there is a bound  a , R   on the speed of  ina 0 00
Ž .    B a , R and hence on  0, t  1 . Then, for any t  0, t  1 , in view0 a 0 1 00
Ž .of 4.26 , Theorem 4.1 and Lemma 4.5, we have
d  t ,  t 	 d  t ,  t  d  t ,  tŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .a 1 a 0 a 1 a 1 a 1 a 00 0 0 0
K Ž t01 .  	 e d a, a   a , R t  t , 4.27Ž . Ž . Ž .0 0 1 0
Ž .which yields the continuity of F at a , t .0 0
THEOREM 4.7. Let  be an arc field on a complete metric space X, which
has linear speed growth and satisfies Conditions AL and BL, with  from
Condition AL being bounded aboe by a negatie constant K . Then theA
 .forward flow F : X 0,  X of  has a unique fixed point. That is, there
Ž . Ž .exists p X, such that for all t
 0, F p, t  p, and if F q, t  q for0
some t  0, then q p. Furthermore,0
d F a, t , p  d F a, t , F p , t 	 e K A td a, p . 4.28Ž . Ž . Ž . Ž . Ž .Ž . Ž .
Proof. By Theorem 4.1 we have
d F a, t , F b , t 	 e K A td a, b . 4.29Ž . Ž . Ž . Ž .Ž .
Ž .Thus, F  F , t is a contraction mapping for t 0 on the completet
metric space X, and has a unique fixed point, say p , by the Contractiont
Mapping Theorem. Note that p is a continuous function of t, sincet
d p , p  d F p , t , F p , tŽ . Ž . Ž .Ž .t t  t t 
	 d F p , t , F p , t  d F p , t , F p , tŽ . Ž . Ž . Ž .Ž . Ž .t t  t  t 
	 e K A td p , p  d F p , t , F p , tŽ . Ž . Ž .Ž .t t  t  t 
d F p , t , F p , tŽ . Ž .Ž .t  t  d p , p 	  0 as t t . 4.30Ž . Ž .t t  K tA1 e
Ž .By 4.18 for n 0, 1, 2, . . . ,
p  F p , t  F F p , t , t  F p , 2 t    F p , nt . 4.31Ž . Ž . Ž . Ž . Ž .Ž .t t t t t
Hence, p  p , and so for all positive integers i and j, p  p  p . Asnt t i j i 1
t p is continuous and constant on the positive rationals, p  p for allt t 1
t 0.
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5. COUNTEREXAMPLES
The question arises whether Conditions AL and BL are stronger than
they need to be. In particular, we might ask whether an arc field  is
guaranteed to have solutions if it is merely a Lipschitz map  : X AX;
i.e., there exists a constant c
 0, such that for all a, b X
sup d  t ,  t 	 cd a, b . 5.1Ž . Ž . Ž . Ž .Ž .a b
 t 0, 1
Ž .For instance, in the special case that X is a Banach space and  t  aa
Ž . Ž . tF a for some vector field F : X X, the condition 5.1 implies that
Ž .F is Lipschitz, since for t 1
   t F a  F b  a b 	 a tF a  b tF b 	 c a bŽ . Ž . Ž . Ž .Ž .
  F a  F b 	 c 1 a b . 5.2Ž . Ž . Ž . Ž .
We have already seen that for F Lipschitz, Conditions AL and Condition
BL hold, and the standard CauchyLipschitz Theorem in Banach spaces
provides existence and uniqueness of solutions. Note that in the general
Ž .setting where X is merely locally complete 5.1 is weaker than Condition
Ž .AL. In order to prove that 5.1 does not suffice in this general setting, we
offer the following example.
Ž .  EXAMPLE 1. Let X with d x, y  y x and define  :
 0, 1  by
 x h if 0	 h	 x
 x , h  5.3Ž . Ž .½    x 2 x  h if x 	 h	 1.
In other words,  moves from x with unit speed to the right for ax
   4distance of min x , 1 and then bounces back to the left with unit speed if
  Ž .x  1. Note that  just moves from 0 to the left. We show that 5.10
     holds with c 3. Assume that x 	 y . Then for 0	 h	 x , we have
   d  x , h ,  y , h  x h y h  x y  d x , y . 5.4Ž . Ž . Ž . Ž . Ž .Ž .
   For x 	 h	 y , we have
   d  x , h ,  y , h  x 2 x  h y hŽ . Ž . Ž .Ž .
          x y 2 x  2h 	 x y  2 x  h
       	 x y  2 x  y 	 3 x y
 3d x , y , 5.5Ž . Ž .
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   and for x 	 y 	 h	 1
     d  x , h ,  y , h  x 2 x  h y 2 y  hŽ . Ž . Ž .Ž .
           x y 2 x  2 y 	 x y  2 x  y
	 3d x , y . 5.6Ž . Ž .
Ž .Hence 5.1 holds with c 3. However, we now show that there is no
Ž .solution  with  0  0. From the definition of solution, we know that
 h  h  d  0 h ,  h  o h . 5.7Ž . Ž . Ž . Ž . Ž . Ž .Ž .0
 Ž .  Ž .Thus for some 	 0, we have  h  h 	 h3 for h 0, 2	 , or
4h3	  h 	2h3 for h 0, 2	 . 5.8Ž . Ž . Ž .
Ž .  4In particular, 4	3	  	 	2	3. When  is restricted to  0
the solutions of  are the same as the integral curves of the constant unit
Ž .vector fields in the positive x direction, namely  t  x t at least forx
 0	 t	 x . Thus, once a solution curve arrives at a point 0, it continues
Ž . Ž .to the right with unit speed at least until it hits 0. Hence,  3	2   	
 	2		6 0. However, then
5	64	3 	2	  	  	2Ž .
  3	2 	2 3	2 3		 , 5.9Ž . Ž . Ž .
Ž .a contradition. Thus, 5.1 by itself does not guarantee that a solution with
given initial point exists. Note that  fails to satisfy Condition AL, since
for x 0
d  0, h ,  x , h  x 2h d 0, x  2h d 0, x 1 h 2x ,Ž . Ž . Ž . Ž . Ž .Ž . Ž .
5.10Ž .
and 2x  as x 0. Moreover, for 0	 h s
d  s h ,  h  s h  s h  2h. 5.11Ž . Ž . Ž . Ž . Ž .Ž .0  Ž s.0
Ž . Ž  .Since 2 0 as s, h  0 , 0 , Condition BL is also violated.
ŽThe next example illustrates that solutions and in fact a continuous
.flow , can exist for an arc field even if Condition AL is violated.
Ž .  EXAMPLE 2. As in Example 1, let X with d x, y  y x , but let
'  t  x t x 5.12Ž . Ž .x
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'Ž   .i.e., the arc field associated with the vector field x x . Condition AL
fails to hold at x 0, since for a 0,
1 1 2 2' h  h  a h a  a 1 ha  d a, 0 1 ha ,Ž . Ž . Ž . Ž . Ž .a 0
5.13Ž .
and a12 is an unbounded function of a. However, Condition BL does
 hold. Indeed, for any b and s, h 0, 1 , we have
 h  s hŽ . Ž . Ž s. bb
'    s  h  s  b s h b'Ž . Ž . Ž .Ž .b b
' ' '     ' b s b  h b s b  b s h bŽ .Ž .
'   b s b  b' '   ' h b s b  b  h . 5.14Ž .ž / ' '   ' b s b  b
     Then, using x  y 	 x y , we get
' b s b  bŽ .
 h  s h 	 h 	 hs. 5.15Ž . Ž . Ž . Ž s. bb ' b
Ž . Ž .There is a unique solution  t with initial condition  0  x  0 givenx 00
by
1 2
 t  t 2 x . 5.16Ž . Ž .'ž /x 00 4
This also defines a solution for x  0, but there are infinitely many0
solutions for x  0, depending on a parameter a
 0, namely0
0, 0	 t	 a 1 t ; a  5.17Ž . Ž .20 t a , a	 t .Ž .4
Ž Ž . .We also have the solution  t;  0 for all t
 0. For x  0, there0 0
is a unique solution up to time 2  x , namely' 0
1 2
 t  t 2  x , 0	 t	 2  x . 5.18Ž . Ž .' 'ž /x 0 00 4
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Ž . Ž .However,  2  x  0 and the solutions  t; a provide us with'x 0 00
Ž .infinitely many continuations of  t for t 2  x , namely'x 00
 0, 2  x 	 t	 a 2  x' '0 0 t ; a  .Ž . 1 2x 0 t a 2  x , t a 2  x' ' ž /0 04
5.19Ž .
together with
 t ;  0, for t
 2  x . 5.20Ž . Ž .'x 00
 .  .If we always choose a 0, then the mapping F : 0,  0, given
by
F x , t   t ; 0Ž . Ž .0 x 0
1 2
t 2 x , 0 x , 0	 t'ž /0 04
1 2 5.21Ž . t 2  x , x 	 0, 0	 t	 2  x' 'ž /0 0 04
1 2
t 2  x , x 	 0, 2  x  t' ' ž /0 0 04
is a continuous flow generated by . However, by using the continuation
Ž . t; a for x 	 0 and any a 0, we find that there is a discontinuousx 00
flow generated by , namely
F x , t ; aŽ .0
1 2
t 2 x , 0 x , 0	 t'ž /0 04
1 2
 t 2  x , x 	 0, 0	 t 2  x' 'ž /0 0 0 4
0, x 	 0, 2  x 	 t	 2  x  a' '0 0 0
1 2
t 2  x  a , x 	 0, t 2  x  a.' ' ž /0 0 04
5.22Ž .
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1 2 Ž . Ž .Indeed for t 0 and a 0, t  F , t; a , so that F , t; a is discon-4
Ž . Ž .nected. Note that the continuous flow x, t  F x, t is not Lipschitz in x
Ž .at x 0 for fixed t 0 contrary to situations where Condition AL holds ,
since for x 0,
1 12 2' 'F x , t  F 0, t  t 2 x  t  t x  xO x . 5.23Ž . Ž . Ž . Ž .Ž .
4 4
6. AN APPLICATION TO THE IFS
One route towards generating a fractal is via a so-called iterated
Ž .function system IFS . For the sake of completeness, we review the
   procedure; a more leisurely treatment is found in 3 . We let  denote
the usual Euclidean norm on  n and the set of nonvoid compact subsets
n Ž n. Ž n.of  is denoted by H  . For a, bH  , we define
 d a, b  min x y . 6.1Ž . Ž .
xa , yb
Ž 4 . Ž . nBy a slight abuse of notation, we write d x , b as d x, b when x .
Ž n.While d is not a metric on H  , the Hausdorff distance d given byH
d a, b  max d a, y  max d x , bŽ . Ž . Ž .H
yb xa
 max d a, y  d x , b 6.2Ž . Ž . Ž .Ž .
xa , yb
Ž  4 . Ž Ž n. .where  max  ,  for real  ,  makes H  , d a completeH
  Ž .and locally compact metric space, as is proven in 7, p. 183 . If p a, b
denotes any point in a which is furthest from b,
d a, b  d a, p b , a  d p a, b , b . 6.3Ž . Ž . Ž . Ž .Ž . Ž .H
Ž .Hence if d a, b  	 , then all points of a are within distance 	 of b andH
all points of b are within distance 	 of a. We prove the following lemma,
Ž . Ž .as one might expect cross terms d a , b and d a , b also on theH 1 2 H 2 1
right hand side.
Ž n.LEMMA 6.1. For any a , a , b , b H  ,1 2 1 2
d a  a , b  b 	 d a , b  d a , b , 6.4Ž . Ž . Ž . Ž .H 1 2 1 2 H 1 1 H 2 2
Ž n.for any a , a , b , b H  .1 2 1 2
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Proof. We have
d a  a , b  bŽ .H 1 2 1 2
 max d a  a , y  max d x , b  bŽ . Ž .1 2 1 2
yb b xa a1 2 1 2
 max d a  a , y  max d a  a , yŽ . Ž .1 2 1 2ž /
yb yb1 2
 max d x , b  b  max d x , b  bŽ . Ž .1 2 1 2ž /
xa xa1 2
	 max d a , y  max d a , y  max d x , b  max d x , bŽ . Ž . Ž . Ž .1 2 1 2ž / ž /
yb yb xa xa1 2 1 2
 max d a , y  max d x , b  max d a , y  max d x , bŽ . Ž . Ž . Ž .1 1 2 2ž / ž /
yb xa yb xa1 1 2 2
 d a , b  d a , b . 6.5Ž . Ž . Ž .H 1 1 H 2 2
More generally,
d a , b 	 max d a , b . 6.6Ž . Ž . H i j H i iž / 1	i	k1	i	k 1	j	k
Now let f : n n, for 1	 i	 k, be affine contractions with respec-i
Ž n. Ž n. Ž .tive Lipschitz constants c  1. Let f : H  H  be given by f a i
k Ž . Ž .  Ž . 4 f a where f a  f z : z a . Using Lemma 6.1, the followingi1 i i i
Ž n.shows that f is a contraction mapping on H  with contraction factor
cmax c  1:1	 i	 k i
k k
d f a , f b  d f a , f b 	 max d f a , f bŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž . H H i i H i iž / 1	i	ki1 i1
	 max max d f a , y  max d x , f bŽ . Ž .Ž . Ž .i iž /1	i	k Ž . Ž .yf b xf ai i
	 max max c d a, y  max c d x , bŽ . Ž .Ž . Ž .i iž /
1	i	k yb xa
	 max c d a, b  cd a, b . 6.7Ž . Ž . Ž .i H H
1	i	k
By the contraction mapping theorem on complete metric spaces, the
Ž n.iterates of f starting with any point in H  converge to a unique fixed
Ž n. Ž . k  Ž .4point of f in H  . For many choices of the ‘‘IFS’’ f   f  , thisi1 i
fixed point is an interesting fractal.
As an application of arc field theory, we now create a continuous version
n   nof the above process. For x, y , let  : 0, 1  be the curve fromx y
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x to y defined by
 t  1 t x ty. 6.8Ž . Ž . Ž .x y
  Ž n.Define g : 0, 1 H  byab
g t   t   t : x a, y b 6.9Ž . Ž . Ž . Ž . 4  4ab x y x y
xa , yb
Ž . Ž . Ž .  so that g 0  a, and g 1  b. Let diam a max x y . Someab ab x, y a
crucial properties of the curves g are ultimately consequences of theab
estimates
d  t ,  tŽ . Ž .Ž .x y x  y 
 d x , y t t  1 t d x , x  td y , y ,Ž . Ž . Ž . Ž .
	min , 6.10Ž .½ 5 d x, y t t  1 t d x , x  td y , yŽ . Ž . Ž . Ž .
and
d  s h ,  h 	 sh d x , y  d y , z , 6.11Ž . Ž . Ž . Ž . Ž .Ž .Ž .x y  Ž s. Ž s.x y y z
Ž .whose proofs are straightforward. Using 6.10 it is then not hard to prove
Ž n.  PROPOSITION 6.2. For a, b, a, bH  and t, t 0, 1 , we hae
d g t , g tŽ . Ž .Ž .H ab ab
 	 diam a b  diam a b t tŽ . Ž .Ž .
 1 t t d a, a  t t d b , b , 6.12Ž . Ž . Ž . Ž . Ž .Ž . H H
 4where  min  ,  .
There are some immediate corollaries.
COROLLARY 6.3. We hae
 d g t , g t 	 diam a b t  t . 6.13Ž . Ž . Ž . Ž .Ž .H ab 1 ab 2 1 2
Ž n.   Ž n.Consequently, for any a, bH  , g : 0, 1 H  is Lipschitz contin-ab
Ž . Ž . Ž .uous i.e., of bounded speed , and the length L g of g satisfies d a, bab ab H
Ž . Ž .	 L g 	 diam a b .ab
Ž n.  COROLLARY 6.4. For a, a, b, bH  and t 0, 1 , we hae
d g t , g t 	 1 t d a, a  td b , b . 6.14Ž . Ž . Ž . Ž . Ž . Ž .Ž .H ab ab H H
The following proposition will be used in verifying Condition BL for the
Ž .arc field defined below in 6.19 .
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 PROPOSITION 6.5. For t 0, 1 and 0	 s 1 h, we hae
d g s h , g h 	 sh diam a b  diam b cŽ . Ž . Ž . Ž .Ž .H ab g Ž s. g Ž s.ab b c
6.15Ž .
Ž n.for any a, b, cH  .
Proof. We have
d g s h , g hŽ . Ž .Ž .H ab g Ž s. g Ž s.ab b c
 max d g s h , z  max d z , g h .Ž . Ž .Ž . Ž .ab g Ž s. g Ž s.ab b cŽ . Ž .zg h zg shg Ž s. g Ž s. abab bc
6.16Ž .
Ž .Using 6.11 , we have
max d g s h , zŽ .Ž .ab
Ž .zg hg Ž s. g Ž s.ab bc
 max min d  s h , zŽ .Ž .x yž /Ž . xa , ybzg hg Ž s. g Ž s.ab bc
 max min d  s h ,  hŽ . Ž .Ž .x y  Ž s. Ž s.ž /x  y  y z xa , yb , z c xa , yb
	 max d  s h ,  hŽ . Ž .Ž .x  y   Ž s. Ž s.x  y  y  z xa , yb , z c
	 sh max d x, y  d y, zŽ . Ž .Ž .
xa , yb , z c
	 sh diam a b  diam b c , 6.17Ž . Ž . Ž .
while
max d z , g hŽ .Ž .g Ž s. g Ž s.ab b cŽ .zg stab
 max min d z ,  hŽ .Ž . Ž s. Ž s.ž /x y y zŽ . xa , yb , zczg stab
 max min d  s h ,  hŽ . Ž .Ž .x  y   Ž s. Ž s.ž /x y y zxa , yb xa , yb , zc
	 max min d  s h ,  hŽ . Ž .Ž .x  y   Ž s. Ž s.ž /x  y  y  zxa , yb zc
	 sh max min d x, y  d y, zŽ . Ž .Ž .ž /
xa , yb zc
	 sh diam a b  diam b c . 6.18Ž . Ž . Ž .
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Ž n. Ž n.We define an arc field  : H   AH  by
k
 a t  g t  g t . 6.19Ž . Ž . Ž . Ž . Ž . a f Ža. afŽa.i
i1
Ž .The continuity of  follows from 6.12 of Proposition 6.2, while Corollary
Ž n.  Ž . Ž6.3 provides a speed function  : H   , namely  a  diam a
Ž ..f a .  has linear speed growth in the sense of Definition 4.2. Indeed, for
Ž . Ž . Žb B a, r , using the contractivity of the f , we have  b  diam bd iH
Ž .. Ž Ž .. Ž . Ž . Ž .f b 	 diam a f a  2 r  a  2 r and hence  a, r 	  a  2 r.
Even without contractivity, we would still have linear speed growth since k
is finite.
Ž n.With this choice of , one might expect the points of H  to flow
toward the attractor of the IFS, but our aim is to show that they flow
toward the convex hull of the attractor. First, let us verify Conditions AL
and BL which will give us the existence of solutions for the arc field .
Ž n.  .Then  will induce a continuous forward flow F : H   0, 
Ž n.H  , since we have seen that  has linear speed growth required by
Theorem 4.6.
Condition AL is verified as follows. By Lemma 6.1,
d  t ,  t  d g t , g tŽ . Ž . Ž . Ž .Ž . Ž .H a b H afŽa. bfŽb.
k k
 d g t , g tŽ . Ž . H a f Ža. b f Žb.i iž /
i1 i1
	 max d g t , g t . 6.20Ž . Ž . Ž .Ž .H a f Ža. b f Žb.i i1	i	k
 4Using Corollary 6.4, for each i 1, . . . , k , we have
d g t , g t 	 1 t d a, b  td f a , f bŽ . Ž . Ž . Ž . Ž . Ž .Ž .Ž .H a f Ža. b f Žb. H H i ii i
	 1 t d a, b  tc d a, bŽ . Ž . Ž .H i H
	 d a, b 1 t c  1 . 6.21Ž . Ž . Ž .Ž .H i
Ž n. Ž n.  Thus, with  : H   H   0, 1   equal to c  1 
max c  1 0,1	 i	 k i
d  h ,  h 	 d a, b 1 h a, b , h  d a, b 1 h c 1 .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .a b
6.22Ž .
We now verify Condition BL. As the f take lines to lines in  n,j
k k
f g s  f g s  g s  g s . 6.23Ž . Ž . Ž . Ž . Ž .Ž . Ž . afŽa. i afŽa. f Ža. f ŽfŽa.. fŽa.fŽfŽa..i i
i1 i1
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Then using Proposition 6.5, we have
d  s h ,  hŽ . Ž .Ž .H a  Ž s.a
 d g s h , g hŽ . Ž .Ž .H afŽa.  g Ž s.fŽ g Ž s..afŽa. afŽa.
	 d g s h , g hŽ . Ž .Ž .H afŽa.  g Ž s. g Ž s.afŽa. fŽa.fŽfŽa..
	 hs diam a f a  diam f a  f f a . 6.24Ž . Ž . Ž . Ž .Ž . Ž .Ž .
Thus, we have
d  s h ,  h 	 hs
 a, s, h , 6.25Ž . Ž . Ž . Ž .Ž .H a  Ž s.a
Ž . Ž .where 
 a, s, h is independent of s, h and is given by

 a, s, h  2 diam a f a  f f a . 6.26Ž . Ž . Ž . Ž .Ž .Ž .
Ž n.     It is straightforward to verify that 
 : H   0, 1  0, 1  is
locally bounded for a fixed, finite collection of affine maps f . Hence,i
Condition BL is satisfied.
Ž .By Theorem 4.7, the negativity of  c 1 in 6.22 guarantees a
unique fixed point for the forward flow F of the arc field . We now show
that this fixed point is the convex hull of the attractor of our associated
n Ž Ž .. Ž .IFS. The conex hull of a set P denoted C P is the convex
intersection of all convex subsets of  n containing P. The convex hull
Ž 4.  4 nC x , . . . , x of x , . . . , x  is an n-simplex, where we allow the0 n 0 n
Ž 4.volume of C x , . . . , x to be 0. It is standard that0 n
n n
  4C x , . . . , x   x :   0, 1 ,   1 . 6.27Ž .Ž . Ý Ý0 n i i i i½ 5
i0 i0
n Ž . Ž n . n Ž .For f :  affine and  as in 6.27 , f Ý  x Ý  f x . Thus,i i0 i i i0 i i
 4  4f C x , . . . , x  C f x , . . . , x . 6.28Ž .Ž . Ž .Ž . Ž .0 n 0 n
In order to demonstrate that the unique fixed point of the flow F
Ž Ž . Ž .. Ž .generated by the arc field   t  g t is the convex hull C A ofa afŽa.
Ž Ž . Ž ..the attractor A of the IFS i.e., the fixed point of f   f  , it sufficesi i
Ž . Ž .to prove that  t  g t is actually constant for 0	 t	 1CŽ A. C Ž A.fŽCŽ A..
Ž .  Ž n. Ž . Ž .n 1 . Then, the constant curve  : H  defined by  t  C A
Ž .is a solution curve of , and C A is the fixed point of F. We use the
Ž  .following theorem proven, for instance, in 6, p. 10 which is another
characterization of convex hulls in  n.
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Ž .THEOREM 6.6 Caratheodory’s Theorem . The conex hull of a set´
P n is the union of all n-simplices with ertices in P.
Thus, for example, in the plane the convex hull of a set P consists of the
union of all filled triangles with vertices in P. In this case, every point
Ž .x C P is inside a triangle with vertices in P.
Ž . Ž .PROPOSITION 6.7. For the attractor A of an IFS f   f  , we haei i
Ž Ž .. Ž .f C A  C A .
Ž Ž ..  4Proof. Let p f C A . Then by Theorem 6.6, for some i 1, . . . , k ,
Ž . Ž 4.p f q for some q in some n-simplex C x , . . . , x with verticesi 0 n
Ž . Ž . Ž 4.x , . . . , x in A. Since A f A  f A , we have f x , . . . , x 0 n i i i 0 n
Ž . Ž Ž 4.. Ž .f A  A and hence C f x , . . . , x  C A . Thus,i i 0 n
 4p f q  f C x , . . . , x  C f x , . . . , x  C A . 6.29Ž . Ž . Ž . Ž .Ž . Ž .Ž .i i 0 n i 0 n
Remark 6.1. The inclusion in Proposition 6.7 is often strict.
 4 nPROPOSITION 6.8. For x , . . . , x  , we hae0 n
1
 4g t  C x , . . . , x for 0	 t	 . 6.30Ž . Ž .Ž .C Ž x , . . . , x 4. x , . . . , x 4 0 n0 n 0 n n 1
Proof. We have
g tŽ .CŽ x , . . . , x 4. x , . . . , x 40 n 0 n
n
 4  4  t : p C x , . . . , x , i 0, . . . , n . 6.31Ž . Ž .Ž . 4 p x 0 ni
i0
Ž .Thus, g t is the union of n 1 n-simplices each ofC Ž x , . . . , x 4. x , . . . , x 40 n 0 n
which is shrinking into one of the vertices as t1, and we need to show
1Ž 4.that this union is all of C x , . . . , x for 0	 t	 ; i.e., for any0 n n 1
1  Ž 4.t 0, , every q C x , . . . , x can be written as0 nn 1
 t  1 t p tx 6.32Ž . Ž . Ž .p x ii
Ž 4.  4 nfor some p C x , . . . , x and some i 0, . . . , n . Since qÝ  x0 n i0 i i
1n  where Ý   1, one of the  
 0, say  , is in , 1 . Theni0 i i 0 n 1
n n  t 0 i
q  x   x  1 t x  x  tx . 6.33Ž . Ž .Ý Ýi i 0 0 0 i 0ž /1 t 1 ti1 i1
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1 Observe that   t
 0 for t 0, , and0 n 1
n n  t    tÝ  1 t0 i 0 i1 i    1, 6.34Ž .Ý1 t 1 t 1 t 1 ti1
so that
n  t 0 i  4p x  x  C x , . . . , x , 6.35Ž .Ž .Ý0 i 0 n1 t 1 ti1
Ž .and q  t as required.p x 0
It remains to show that
1
g t  C A for 0	 t	 . 6.36Ž . Ž . Ž .CŽ A.fŽCŽ A.. n 1
Ž Ž .. Ž .Since f C A  C A by Proposition 6.7, we have
g t  g t  C A . 6.37Ž . Ž . Ž . Ž .CŽ A.fŽCŽ A.. C Ž A.C Ž A.
1For the reverse inclusion, note that by Proposition 6.8 for 0	 t	
n 1
g  g tŽ .CŽ A.fŽCŽ A.. CŽ x , . . . , x 4. x , . . . , x 40 n 0 n
 4x , . . . , x A0 n
 4 C x , . . . , x  C A . 6.38Ž . Ž .Ž . 0 n
 4x , . . . , x A0 n
In summary, we have proven
Ž . k Ž .THEOREM 6.9. Let f   f  be the IFS determined by contractiei1 i
affine maps f , . . . , f of  n and let A be the unique fixed point of f. The arc1 k
Ž n. Ž n. Ž .field  : H   AH  defined by  a  g generates a contractieafŽa.
Ž n.  . Ž n. Ž .forward flow F : H   0, H  , whose unique fixed point is the
Ž .conex hull C A of A.
7. CONCLUDING REMARKS
One major question that we have yet to resolve is whether Theorem 3.1
still holds when the summability condition in Condition BL is dropped or
whether it is just an artifact of our proof. We know that it may be dropped
Ž  .if X is assumed to be locally compact see 2, 4, 10, 11 . Preliminary work
indicates that there is an analog of Condition BL in the context of Aubin’s
GENERATING FLOWS ON METRIC SPACES 677
Ž  .mutational equations see 2 , which provides a way of obtaining solutions
of mutational equations on non-locally compact metric spaces. Motivated
by the standard means of integrating time-dependent vector fields on
manifolds, we have found that much of the existence and uniqueness
theory for arc fields carries over to the case of time-dependent arc fields
Ž . Ž .x, t, h  h  X on a locally complete metric space X. One justx, t
 . ŽŽ . .considers a time-independent arc field on X 0, , namely x, t , h 
Ž Ž . .  . h , t h  X 0, , and projects solutions onto the X factor.x, t
Ž .Also, it is often the acceleration as opposed to the velocity of a system
which is dictated by its surroundings. Thus, a study of second-order arc
Žfields on metric spaces corresponding to second-order ODEs on mani-
.  folds was initiated in 4 and we are pursuing this. Basically, a second-order
   arc field assigns to each x X, a mapping  : 0, 1  0, 1  X of ax
Ž . Ž . Ž .  square, where  0, 0  x and  h, 0  0, h for h 0, 1 . More-x x x
Žover, it would be nice to have some applications e.g., to PDEs of
.evolution based on non-locally compact metric spaces, say Frechet mani-´
folds. Preliminary work has revealed that it will be a challenge to find
suitable arc fields that meet Conditions AL and BL, without nearly solving
the PDEs by some other means.
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